This paper addresses open-loop control strategies that involve a low frequency modulation of the fuel injection for suppression of pressure oscillations in combustion systems. Such a strategy has been employed in a number of recent investigations including [1]- [5] . Using a physically based model, analytical explanations for the effectiveness of such a low pulsing strategy are provided in this paper. Conditions are derived on the frequency and the duty-cycle used in the control strategy that lead to stabilization in the combustor, under ideal and nonideal switching strategies, and in the presence of hysteresis.
(ii) model-based control, which consists of developing a physically based model of the combustion dynamics and have been demonstrated to yield an optimal stabilizing response under certain conditions, [14] [15] [16] [17] , (iii) observer-based control [18] , which have been shown to result in satisfactory pressure suppression using an on-line determination of an observer and a phase-shift controller based on the observer parameters, (iv) control based on system-identification based modeling [19, 20] and (v) open-loop control strategies [1, 2] , [21] - [5] where the mass-flow rate of a fuel injector (and therefore the equivalence ratio) is switched between two different values at a significantly slower frequency than the resonant frequency. This paper concerns analytical discussions of the last method listed above.
In [1, 2, 21] a low frequency pulsing strategy was used to stabilize the pressure oscillations, with no feedback. In [3] , a similar low-frequency modulation was used. In [4, 5] , the presence of hysteresis in the combustor was used to design a low-frequency pulsing strategy to suppress the pressure oscillations. In [1] , a 20 kW gas turbine combustor was stabilized, with a resonant frequency of 300 Hz and an equivalence ratio of 0.85, using a fuel-injector oscillated at 50 Hz and at duty cycles between 0.36 and 0.5. It was also observed that for larger duty-cycles (than 0.6), the same injector led to oscillations of a higher amplitude than without control. In [2] , a similar rig was studied and the same switching strategy was used, but with different switching frequency and duty-cycle at different operating conditions. It was shown that the 300
Hz oscillations are reduced significantly by switching between equivalence ratios of 0.65 and 0.75, and an air-flow rate of 20.7 g/s, for all switching frequencies less than 20 Hz, and duty-cycles close to 0.5. The hypothesis proposed in [2] for why stabilization occurs was that these two values of the equivalence ratio correspond to "stable" operating points and therefore stabilization occurs by switching between these two "stable" values though the intermediate value of
An Analytical Model
In this section, we model the combustion dynamics by deriving models of heat release, acoustics and inhomogeneity dynamics, and the coupling dynamics.
Heat Release Dynamics
At high Damkohler numbers and weak to moderate turbulence intensity, turbulent combustion can be modeled using wrinkled laminar flames [22, 23] . Incorporating the effects of perturbations in the equivalence ratio, the flame surface can be described by a single-valued function ! # " # $ and the total heat release,
%
, is
proportional to the integral of this surface over an anchoring ring. These relations are given by
with equations governing the first two are given by
In the above, j q § s r t h u v h w v x v z y E tu {w { x { y is the effective Helmholtz frequency [25] associated with a combustor connected to ducts. The passive damping due to different dissipation sources, e.g. heat-loss and friction, is accounted for in the natural damping ratio, , and o is the mean speed of sound. The same approach can be used for transverse modes as well (for example, screech modes in rockets [26] ). In what follows, we assume that flames are localized close to the anchoring plane, so that (13) where
and if they are due to where
At the acoustic frequency, the impact of the fifth and sixth term on the left-hand-side of Eq. (15) are typically smaller. Also is small compared to
Discussion
The models in (16) and (13) were discussed at length in [24] , and were shown to exhibit intervals of alternating stable and unstable behavior as the time-delay increased. These models were also shown to predict the instability behavior of a number of experimental rigs. In particular, the model in (16) was shown to alternate between stability and instability as the convective lag t increased, which was similar to the properties of the rig considered in [1] . Similarly, the model in (13) appears to match the stability map in Figure 6 in [2] which shows the stability bands.
A few comments about the various parameters in (13) and (16) 
Stabilization using the Open-loop Control Strategy
In this section, we address the problem of stabilization using an open-loop control strategy that consists of switching between two values of equivalence ratio. In particular, we will focus on the strategies used in [1, 2] which consists of changing the equivalence ratio between two constant values at a frequency that is significantly lower than the resonant frequency. The discussions in the previous section indicate that while the specific dependence of the individual parameters may be different, the general class of models that describe the combustion instability are of the form of 
Ideal Switching
The control strategy in [1, 2] can be described as follows: Starting from
and modulate equivalence ratio according to:
where
is the pulse width and Let us rewrite (17) in the following way:
where subscripts have been introduced to show dependence of the parameters on equivalence ratio 
The procedure outlined below establishes, in a rigorous manner, that the system in (19) 
which obviously changes with
¦
. This dependence is discussed in Section 6.
Stability Conditions Under Ideal Switching
It is clear that (19) describes (17) under the control strategy (18) . When ¦ is a constant, the system (19) can be written in feedback interconnection form as
where the infinite dimensional component 
where the approximation error 
, and a realization
for Þ . Combining these two state space models, we arrive at the following realization for the approximate
is modulated according to (18) , the equations (29)- (30) describe a finitedimensional linear time-varying system.
We now describe the design procedure for choosing Å ¡ and À 5 Á in (18) so as to stabilize (19) . This is done in the following two steps. In the first step, we describe how
can be chosen so that (18) stabilizes (29)- (30) . In the second step, we derive additional conditions that need to be satisfied by Å ¡ and À Á so that (18) stabilizes the actual system in (19) .
The following lemma provides the conditions for stabilization of (29)- (30) using (18) .
Lemma 1:
The system in (29) - (30) with the control strategy (18) 
. This, along with (33) at Î § û î and the periodicity of
Using the above developments, the linear matrix inequality (LMI) conditions in Lemma 1 can be replaced by the finite set of sufficient LMIs: 
We can view the approximate system with input The largest scaling factor, obtained by searching over all finite energy inputs, is called the induced norm of the system. The lemma below gives a sufficient condition for stability of the original system and is an application of the small gain theorem [29] . (18) is stable.
The above lemma suggests that the design variables
are to be selected so that the induced norm of the approximate system satisfies a specified bound. Such an induced norm can be guaranteed to exist if an LMI condition that is similar to that in (31) , and somewhat stronger, is satisfied. This is stated in the following lemma. 
Non-ideal Switching
The switching strategy given by (18) assumes that transition between the two equivalence ratios is instantaneous. But, in general, the transition time depends on the actuator bandwidth (i.e. opening and closing times of the injector valve) as well as the time taken for the reaction zone to reach the new equivalence ratio.
Consider the following non-ideal switching: not be a bounded operator and some assumptions are needed to extend the analysis of the previous section.
We assume that the effect of non-ideal continuous switching can be approximated by that of a finite number of small ideal swicthes. In particular,
's of the form in the previous section. With this assumption, it can be shown that (39) gives sufficient conditions for stability of the original system provided that the approximate model (29)- (30) is constructed with 2 delay terms instead of two as in the previous section.
Stabilization in the presence of hysteresis
In the previous section, we implicitly assumed that the combustor parameter vector
is single-valued at each ¦ . As noted in [5] , often a hysteresis mechanism is present in combustion systems.
This in turn implies that 
which is no more general than the parameter variations generated by the non-ideal switching strategy (40).
Therefore, (39) once again corresponds to sufficient conditions for stabilization with the the approximate system represented using 2 delays rather than two, as discussed in the previous section.
Let us examine some of the consequences of our analytical results for stabilization in the presence of hysteresis. First, there is a minimum value of pulse period À 5 Á below which stabilization is not possible.
Intuitively, this is because rapid switching results in very little time for transients to die out. Second, since part of the hysteresis cycle leads to unstable operating condition, pulse width cannot be arbitrary for stabilization. This is similar to the stable-unstable switching we considered. A third statement we can make is It is quite likely that the primary loop of the hysteresis curve in [5, 4] corresponded to an equivalence ratio change that is commensurate with a 25% change in the fuel-flow rate. This discussion shows that (39) provides sufficient conditions for stabilization with infinite switching in the presence of hysteresis.
When hysteresis is present, a considerably simpler control strategy suffices: a single pulse of sufficient duration and height. This can be explained using Figure 2 . Let us assume that operation begins on the upper half of the hysteresis cycle at an equivalence ratio of Figure 2 ). For stabilization using hysteresis, we need a pulse of sufficient duration and height so that the equivalence ratio ¦ C can become effective following which the system can return to the desired operating point B in Figure 2 , stabilization will occur. This confirms the observations (O1)-(O3) in [5] . As with the infinite switching strategy, we note that the robustness of this single pulse strategy is non-existent; as long as perturbations are present, the operating point will move from è to ¥ causing pulsing to be invoked repeatedly.
We note that this paper does not answer the question regarding how general the existence of hysteresis is
in combustors or what the responsible mechanisms are in a combustion system for the hysteresis. However, once it is detected, this paper gives guidelines for determining the number, width, and height of secondaryfuel pulses to efficiently stabilize the system.
Simulations
We now present numerical results to show that a combustion rig, modeled by (17), can be stabilized using an open-loop switching strategy with a nonzero transition time. The simulation model is:
where å is a process noise vector. We have added å to the system dynamics to represent the effects of unmodeled dynamics and external disturbances. This addition does not affect stability properties of the system. Numerical results are given for the stable-stable and stable-unstable switching cases corresponding to the experimental conditions in [2] . Our results with the linear simulation model corroborate those of [2] .
For the numerical results presented below, we used an unstable frequency
(300, 300, 300) (300, 300, 300 
Simulation 1: Stable-Stable Switching
Here, the desired operating condition is unstable and the strategy is to switch between two stable points "hopping over" the instability. This case corresponds to experimental results near the operating point ¦ ì í § © (at an inlet temperature of 367K) presented in [2] . Numerical values used for simulations are given in Table 1 . 
Simulation 2: Stable-Unstable Switching
In this case, the desired operating condition is unstable and is not an isolated instability as in the previous case that allowed us to hop over to a stable operating point. This condition corresponds to the experimental results near the operating point ¦ ì h í § © 6 7 given in [2] and the open-loop control strategy is to switch between a stable operating point and an unstable operating point. 
Å ¡
shown that an appropriate switching strategy can be found for stabilizing the combustor both while switching between two stable operating points and while switching between a stable and an unstable operating points. It was also shown that the numerical simulation studies match these analytical predictions and more importantly, match the experimental observations in [1, 2] . "bands" are known to exist in time-delay systems in general, and in the experimental rig in [2] in particular ( Figure 6 ). It is worth noting that in [2] , care is taken to ensure that the equivalence ratio fluctuations in the feed-system are decoupled from the burning zone. It is therefore quite likely that the configuration in [2] consists of an instability mechanism where fluctuations in ' t a re dominant. The above discussions indicate that the results presented in this paper corroborate the observations in [2] rather closely. First, the instability properties of the uncontrolled process parallel those of the model in (13), Second, a slow switching strategy as in [2] has been shown in section 3 to lead to stability properties that are quite similar to the experimental observations in [2] .
We have also discussed the results in [1] in section 3. It should be noted that the combustor in [1] differs from that in [2] in two respects. First, variations in ¦ t a re present in the rig in [1] , contrary to the case in [2] where a decoupler is introduced between the feed system and the burning zone. This implies that the time-delay in [1] may be due to t
. Second, the control strategy in [1] was attempted at different duty-cycles;
this is in contrast to that in [2] where the duty-cycle was fixed at 50% and only the values 
. This is quite distinct from the strategy in [2] where Yet another question that is raised in [2] is the number and location of multiple fuel-injectors required to ensure the success of the proposed switching strategy. Again, this can be quantified using our model . In general, these sequences are bound to depend in a complex way on the configuration and boundary conditions in a given rig. Once these sequences are identified, they determine in turn when a given injector is fired. Given the quasi-static nature of the switching strategy (that is, the switching frequency is significantly smaller than the unstable frequency), the time-delay between the firing instants of any two injectors may not be a relevant parameter as was speculated in [21] .
We have also showed in this paper an explanation for when and how a combustor can be stabilized using a switching strategy in the presence of hysteresis as in [4, 5] . In particular, we have shown that the same proposition that explained the idea behind stabilization using the switching strategy in [1, 2] provides the analytical basis for the results in [4, 5] as well. We showed that our observations based on the model and the proposition matches the experimental observations in [4, 5] .
A point worth making is about properties of open-loop control strategies in general. Unlike closed-loop
control strategies, open-loop control strategies are quite vulnerable to changes in the operating parameters.
As the above discussion indicated, the stability of the open-loop strategy is closely tied to Ï 7 ¦ 8 $
, and hence its stability robustness is conditioned on the sensitivity of Finally, we make a comment about the model in (17) , which is a second-order, lumped, time-delay model. Obviously, a fair amount of simplification has been made in collapsing the complex dynamic interactions between acoustic modes, heat release dynamics from a distributed flame zone, fuel-injection, and mixing dynamics into a simple form. However, the description of the open-loop control strategy and its impact on the rig using the time-delay model as in (17) represents a very useful guideline and an important beginning for how the physical model can be expanded appropriately to encompass various dynamics exhibited by a combustion rig with and without active control. 
